The polarization property of high harmonics from gallium selenide is investigated using linearly polarized mid-infrared laser pulses. With high electric field, the perpendicular polarization component of the odd harmonics emerges, which is not present with low electric field and cannot be explained by the perturbative nonlinear optics. A two-dimensional single-band model is developed to show that anisotropic curvature of an energy band of solids, which is pronounced in an outer part of the Brillouin zone, induces the generation of the perpendicular odd harmonics. This model is validated by three-dimensional quantum mechanical simulations, which reproduce the orientation dependence of the odd-order harmonics. The quantum mechanical simulations also reveal that the odd-and even-order harmonics are produced predominantly by the intraband current and interband polarization, respectively. These experimental and theoretical demonstrations clearly show a strong link between the band structure of a solid and the polarization property of the odd-order harmonics. High harmonic generation (HHG) in gaseous media is a universal phenomenon that reflects extreme nonlinear interactions between a strong electric field and bound and/or unbound electrons of atoms and molecules. The constitutional three steps, i.e., tunneling ionization, electron acceleration, and recombination are well understood [1] , which leads to a novel spectroscopic method called high harmonic spectroscopy. This powerful tool has become indispensable in attosecond physics to probe the electron dynamics and to reconstruct orbital structures with attosecond andångström resolutions [2, 3] .
Recently, high harmonic radiation beyond the bandgap energy has been produced in crystalline solids [4] [5] [6] [7] . Solid HHG is distinctively di↵erent from gas HHG in two aspects. First, there exist two sources of HHG radiation: intraband current in a band and interband polarization between two bands. Role of the intraband current and interband polarization has been studied experimentally and theoretically [4, [6] [7] [8] [9] [10] [11] [12] . However, a physical picture of the radiation mechanism is not fully established yet. Second, crystallographic orientation with respect to the polarization direction of a drive laser field strongly influences the generation of high harmonics [4, 6, 9, 13] , which results from field-driven electron dynamics in a periodic structure. Therefore, solid HHG is becoming a spectroscopic method that allows to access the band structure ⇤ These authors contributed equally to this work of solids [7, 14] . However, most of solid HHG experiments use one-dimensional (1D) analysis. Although a 1D picture is simple and intuitive, it cannot fully describe the extremely nonlinear light-matter interaction because of the three-dimensional (3D) structure of solids and the vector nature of electric fields. Therefore, multidimensional analysis is indispensable in high harmonic spectroscopy of solids.
Recently, ellipticity in drive lasers has been introduced to enhance and/or diminish the harmonic yield [15, 16] as well as to investigate selection rules [17] [18] [19] . Polarization analyses of high harmonics have been demonstrated [20, 21] , however, both works mainly focus on even harmonics. F. Langer et al. treat multi-dimensional problems by a linear combination of a 1D Bloch equation [21] . H. Liu et al., introduce the Berry curvature to a single-band model to explain perpendicularly polarized even harmonics [20] .
In this study, we investigate a polarization property of odd-order high harmonics produced from a semiconductor gallium selenide (GaSe) crystal exposed to femtosecond mid-infrared (MIR) pulses and their dependence on crystallographic orientation. With high electric field applied, the perpendicularly polarized components of the odd harmonics emerge with a counter-intuitive 30 periodicity. A two-dimensional (2D) single-band model successfully explains that anisotropic curvature of an energy band of solids induces the perpendicular intraband current, resulting in the emergence of the perpendicularly polarized odd harmonics. This 2D single-band model is validated by 3D ab-initio time-dependent density matrix (TDDM) simulations. The TDDM simulations well reproduce the experimental orientation dependence and reveal that the odd-and even-order harmonics are produced predominantly by the intraband current and interband polarization, respectively. A 30-µm-thick GaSe crystal (non-coat, z-cut, "-type) is irradiated by linearly polarized MIR pulses (5 µm, 15 µJ, 200 fs, 1 kHz) [22] . Detail of our infrared light source is described in the supplement. As shown in Fig. 1(a) , two wire-grid polarizers control the pulse energy and linearize the MIR field. The MIR beam is focused (f = 100 mm) down to a measured size of 64 µm (full width at 1/e 2 intensity), resulting in a peak amplitude of 33.7 MV/cm in the air. The GaSe crystal is mounted at normal incidence to allow rotation along its z axis. GaSe is a uniaxial hexagonal crystal ( Fig. 1(b) ), and has a graphite-type structure with a four-fold (Se-Ga-Ga-Se) layer. An "type GaSe belongs to the 6m2 (D 3h ) symmetry point group. The bandgap energy is 1.98 eV (625 nm in wavelength) at room temperature and the transparency range extends from 0.65 to 18 µm [23] . An analyzing wire-grid polarizer selects the polarization of the high harmonics.
The spectrum of the high harmonics is measured both in the near-infrared (NIR) (NIRQuest256-2.5, Ocean Optics) and the visible (VIS) (USB4000-XR, Ocean Optics) regions. The dependence of HHG on the rotation angle , which is defined as in Fig. 1(b) , is measured with two electric field amplitudes. With a lower electric field of 3.2 MV/cm in the crystal, we observe the second and third harmonics. The second harmonic polarized parallel to the MIR field ( Fig. 2(a) ) is maximized at = 30 +60 ⇥n with n being an integer, i.e., when the input field is applied along the Ga-Se bond direction (see Fig.  1(b) ). Meanwhile, the perpendicularly polarized second harmonic ( Fig. 2(b) ) is maximized at = 60 ⇥ n. This observation is consistent with a preceding work [6] and can be explained by the hexagonal structure of a GaSe crystal. Indeed, these orientation dependences agree quantitatively well with sin 2 3 and cos 2 3 for the parallel and perpendicular harmonics, respectively, which are calculated by using the second-order susceptibility tensor [24].
The parallel component of the third harmonic ( Fig.  2(c) ) is found to be constant regardless of the orientation, while a perpendicular component ( Fig. 2(d) ) are virtually absent. These results are also consistent with the angle dependences calculated by the third-order nonlinear tensors [25] , which are constant and zero for the parallel and perpendicular polarization components, respectively. Thus, with this low field, the orientation dependences of all harmonics are well explained by the perturbative nonlinear optics. With a higher electric field of 10 MV/cm in the crystal, we measure the orientation dependences of the parallel 3(b), VIS; (d), IR) high harmonics. The high harmonics extend up to the eleventh order (2.70 eV, 460 nm) beyond the band gap (1.98 eV, 625 nm). The eighth harmonic signals around 1.95 eV are overlapped with isotropic interband photoluminescence. All even harmonics for both polarizations show modulations with 60 periodicities similar to the second harmonics with the lower electric field. On the other hand, in contrast to the low intensity case, the parallel odd harmonics show 60 periodicity as in Figs. 3(e) and (g) for the third and fifth harmonics respectively. Even more surprisingly, the perpendicular odd harmonics appear with 30 periodicity as in Figs. 3(f) and (h) for the third and fifth harmonics, respectively. These observations cannot be explained by the third-order nonlinearity, suggesting the onset of a non-perturbative response. In particular, the 30 periodicity in the perpendicular third harmonic cannot be intuitively understood from the hexagonal structure of the crystal.
To explain the experimental results, a 2D single-band model described by the Bloch theorem is used. In a 1D case, similar models have been frequently used [4, 6, 26] . This model assumes that (i) the intraband current dominates the odd harmonics and (ii) the electron wavepacket is launched around the point, both of which have been verified by the TDDM simulations. The dominance of the intraband current for odd harmonics in GaSe is also experimentally verified [6] . point
The momentum of an electron wavepacket k(t) (k(0) = 0) with charge, e, is described by the acceleration theorem in the presence of an oscillating electric field E L (t) as d dt k(t) = ẽ E L (t). The macroscopic intraband current J (t) is related to the group velocity v k = 1 dE k dk of the electron wavepacket integrated over the first Brillouin zone with E k being the band energy as
Here, the initial wavepacket is assumed to be localized at the point without spread by setting the electron density as n k (t) = (k k(t)). The induced electric field E HH (t) generated by the intraband current is obtained as,
where d 2 E k dk 2 and 1 m ⇤ k are the band curvature and the inverse e↵ective mass, respectively, both of which are rank two tensors and can be represented by a 2 x 2 matrix in the xy plane. The input and induced electric fields are decomposed in the parallel and perpendicular directions as E L (t) = (E L (t), 0) and E HH (t) = ⇣ E HH k (t), E HH ? (t) ⌘ , respectively. By using the band curvature tensor, the induced field components are explicitly written as E HH band curvature is the source of an induced radiation. The momentum dependence of the band curvature along the electron trajectory is the source of odd-order harmonics, while the constant term of the curvature is responsible for the linear response. Figures 4(a) , (b), and (c) represent the lowest conduction band calculated by the densityfunctional theory (DFT) and its curvatures E k k k k and E k k k ? , respectively. In these figures, we illustrate three electron trajectories at = 60 (solid black arrows), 45 (dash), and 30 (dot) and the maximum amplitudes of electron transportation with electric fields of 3.2 (dashed black circles) and 10 MV/cm (solid black circles). Figure  4 (c) reveals that any perpendicular harmonic is not produced with a low electric field, because E k k k ? is nearly zero around the point. This is consistent with the experimental results with the 3.2-MV/cm electric field. On the other hand, with a high electric field, the per-pendicular harmonics can be generated, because E k k k ? becomes non-zero in an outer momentum area (|k| > 0.1 atomic unit) except orientation angles of = 30 ⇥ n. This explanation is consistent with the orientation dependences of the perpendicular odd harmonics obtained with the 10 MV/cm electric field. Regarding the parallel odd harmonics, E k k k k in Fig. 4(b) is isotropic around the point and shows 60 periodicities in an outer part. This consideration is also consistent with the experimental results for the parallel odd harmonics. Based on this 2D single-band model, the parallel and perpendicular odd harmonics are calculated to show the 60 and 30 periodicities as in Fig. 4(d) and (e), respectively. These results well reproduce the experimental observations of the orientation dependences and the polarization property for all odd harmonics. It should be noticed that the single-band model cannot explain the generation of even harmonics, since the band structure in Fig. 4(a) has an inversion symmetry. 30 ⇥ n, ionQuantum-mechanical simulation
To understand the extreme nonlinear response of the unit cell of GaSe exposed to an electric field, we develop an independent-particle TDDM model combined with the band information obtained by DFT. This 3D ab-initio quantum mechanical model performs simulation on HHG from GaSe irradiated by a laser pulse (4.96 µm, 104 fs, 10.0 MV/cm) similar to those used in the experiment. This simulation includes 103 bands spanning 39 eV in energy, of which 38 bands are initially occupied as valence bands. HHG spectra are obtained by the Fourier transform of the induced current including both intraband and interband contributions, which can also be evaluated separately by using the projection onto instantaneous eigenfunctions as discussed later. The simulation are described in detail in the supplement.
In Fig. 5 , the parallel (a) and perpendicular (b) components of the odd and even order harmonics are plotted as a function of the rotation angle. For all perpendicular odd harmonics, this simulation result clearly reproduces the 30 periodicity of the experimental observation as shown in Figs. 5(b), (d), and (f). Similarly, the 60 periodicity of the parallel odd harmonics is present, as in Figs. 5(a) , (c), and (e). Regarding the even harmonics, the simulation reproduces the 60 periodicities for the parallel and perpendicular components with a relative orientation shift of 30 , which is also consistent with the experimental results. Although the bulk response is well described, there is a di culty in quantitative comparison with the experimental results due to the neglect of relaxation [14] and light-field propagation [27] . and Intraband current and interband polarization HHG in solids has two sources of radiation: intraband current and interband polarization. The TDDM simulation can disentangle these two terms. In Figs. 6(a) and (b), the shaded areas represent the simulated spectra of the parallel and perpendicular harmonics at = 15 , respectively. The red and blue curves show the contributions from the intraband current and the interband polarization, respectively. In both polarizations, the odd harmonics are predominantly produced by the intraband current. At higher orders, especially above the band gap, the contribution of the interband polarization catches up with that of the intraband current. On the other hand, the interband contribution dominates all even harmonics regardless of the polarization state. This clear decomposition of the radiation source is checked to be valid at other orientation angles. This is the first demonstration of the explicit decomposition. system has In summary, we have investigated a polarization property of the high harmonics from a GaSe bulk crystal using femtosecond MIR pulses and their dependence on crystallographic orientation. The experimental results with the 3.2 MV/cm electric field are well explained by the perturbative nonlinear optics. In contrast, with the 10 MV/cm electric field, the perpendicular odd harmonics emerges with a periodic modulation of 30 , which cannot be explained by the perturbative nonlinear optics. The physical origin of the perpendicular component of the odd harmonics is attributed to anisotropic momentum dependence of the band curvature along the electron trajectory, which is equivalent to the inverse e↵ective mass.
We perform 3D ab-initio TDDM simulations, which qualitatively reproduce the experimental observation and reveals that the even and odd harmonics are dominantly produced by the interband polarization and the intraband current, respectively. Our demonstration establishes a direct link between the band structure of a solid and HHG in a solid. Multi-dimensional analysis combined with time-resolved measurement allows to investigate electron dynamics and field-dressed structure of energy bands. ,Gaarde2
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